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Abstract
A weighted graph (G; w) is a graph G together with a positive weight-function on its vertex
set w :V (G)→ R¿0. The weighted domination number w(G) of (G; w) is the minimum weight
w(D) =
∑
v∈D w(v) of a set D ⊆ V (G) such that every vertex x∈V (D) − D has a neighbor
in D. If
∑
v∈V (G) w(v)=|V (G)|, then we speak of a normed weighted graph. Recently, we proved
that
w(G)w( 6G)6
n2
8
(
1 +
2
n− 2
)
and w(G) + w( 6G)6
3n
4
+
n
2(n− 2)
for normed weighted bipartite graphs (G; w) of order n such that neither G nor the complement
6G has isolated vertices. In this paper we will extend these Nordhaus–Gaddum-type results to
triangle-free graphs. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Terminology and introduction
In this paper we consider >nite, undirected, and simple graphs G with vertex set
V (G) and edge set E(G). The neighborhood of a vertex v of G is denoted by N (v; G),
and more generally, we de>ne N (X;G)=
⋃
x∈X N (x; G) for a subset X of V (G). The
vertex v is a pendant if d(v; G)= 1, and an isolated vertex if d(v; G)= 0, where
d(x; G)= |N (x; G)| is the degree of x∈V (G). If d(v; G)= k for all v∈V (G), then
we speak of a regular or k-regular graph. A subgraph H of G with V (H)=V (G)
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is a factor of G, and a k-regular factor of G is called a k-factor. A set of pairwise
non-adjacent vertices or non-incident edges, is an independent set or a matching, re-
spectively. By n= |V (G)| we denote the order of G. We write Cp for a cycle of length
p and 6G for the complement of a graph G.
A weighted graph (G;w) is a graph G together with a positive real-valued weight-
function on its vertex set w :V (G)→R¿0. For a set X ⊆V (G) or a subgraph H
of a weighted graph (G;w), we de>ne w(X )=
∑
x∈X w(x) and w(H)=w(V (H)). If∑
v∈V (G) w(v)= |V (G)|, then we speak of a normed weighted graph.
The weighted domination number w(G) of (G;w) is the minimum weight w(D) of
a set D⊆V (G) such that every vertex x∈V (D)− D has a neighbor in D.
In their, now classical, 1956 paper [5], Nordhaus and Gaddum established the fol-
lowing inequalities for the chromatic numbers (G) and ( 6G):
n6(G)( 6G)6
(n+ 1)2
4
and 2
√
n6(G) + ( 6G)6n+ 1:
In 1972, Jaeger and Payan [3] published the >rst Nordhaus–Gaddum-type theorem
involving domination. They showed (G)( 6G)6n and (G) + ( 6G)6n + 1, where 
denotes the usual domination number. Improvements and generalizations of these results
can be found in the book by Haynes, Hedetniemi, Slater [2, Section 9.1, p. 237].
Recently, we proved in [1] the two Nordhaus–Gaddum-type results
w(G)w( 6G)6
n2
8
(
1 +
2
n− 2
)
and w(G) + w( 6G)6
3n
4
+
n
2(n− 2)
for normed weighted bipartite graphs (G;w) of order n such that neither G nor 6G has
isolated vertices. In this paper we will extend these inequalities to triangle-free graphs.
2. Preliminary results
The following results play an important role in our investigations.
Theorem 2.1 (KLonig [4]). A graph is bipartite if and only if it contains no cycle of
odd length.
Observation 2.2 (Dankelmann, Rautenbach, Volkmann [1]). Let (G;w) be a weighted
graph without isolated vertices. Then w(G)6w(G)=2.
Theorem 2.3 (Dankelmann, Rautenbach, Volkmann [1]). Let (G;w) be a normed
weighted bipartite graph such that neither G nor 6G has isolated vertices. Then
w(G)w( 6G)6
n2
8
(
1 +
2
n− 2
)
and w(G) + w( 6G)6
3n
4
+
n
2(n− 2) :
The bounds in Theorem 2.3, and thus our Nordhaus–Gaddum-type results for triangle-
free graphs in Theorem 3.1, are asymptotically the best possible ones as one can see
by the following example from [1].
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Example 2.4. Let (G;w) be the normed weighted bipartite graph with vertex set
V (G)= {v1; v2}∪ {u1; u2; : : : ; un−2} and edge set
E(G)= {v2un−2}∪ {v1u1; v1u2; : : : ; v1un−2}:
The weight of the vertices v1; v2, and un−2 is n=4 and the weight of the remaining
vertices is n=4(n− 3). It is easily veri>ed that
w(G)w( 6G) =
n2
8
(
1 +
1
n− 3
)
and w(G) + w( 6G) =
3n
4
+
n
4(n− 3) :
Lemma 2.5. Let (G;w) be a triangle-free weighted graph. If H1 is a 1-regular and
H2 a 2-regular subgraph of G such that V (H1)∩V (H2)= ∅, then
w( 6G)6
2(w(H1) + w(H2))
|V (H1)|+ |V (H2)|6
2w(G)
|V (H1)|+ |V (H2)| :
Proof. Let uv be an arbitrary edge of G. Since G is a triangle-free graph, we observe
that {u; v} is a dominating set of 6G. This implies
w( 6G)6min
{
min
uv∈E(H1)
{w({u; v})}; min
uv∈E(H2)
{w({u; v})}
}
6min
{
w(H1)
|E(H1)| ;
2w(H2)
|E(H2)|
}
= min
{
2w(H1)
|V (H1)| ;
2w(H2)
|V (H2)|
}
6
2w(H1) + 2w(H2)
|V (H1)|+ |V (H2)|6
2w(G)
|V (H1)|+ |V (H2)| :
3. Main results
Theorem 3.1. Let (G;w) be a normed weighted triangle-free graph of order n such
that neither G nor 6G has isolated vertices. Then
w(G)w( 6G)6
n2
8
(
1 +
2
n− 2
)
(1)
and
w(G) + w( 6G)6
3n
4
+
n
2(n− 2) : (2)
Proof. We will only prove (1). Inequality (2) will follow from the same bounds on
w(G) and w( 6G) that we use in the proof of (1).
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With respect to Theorem 2.3, it is enough to show inequality (1) for non-bipartite
graphs. If the graph G is not bipartite, then, in view of Theorem 2.1 and the hypothesis,
it contains an odd cycle of length of at least >ve.
If G has an odd cycle Cp of length p¿9, then Observation 2.2 and Lemma 2.5
even imply
w(G)w( 6G)6
n
2
2n
p
6
n2
9
:
It is a simple matter to verify (1) for G=C7. Furthermore, if G contains a C7 and
n¿8, then there exists a 1-regular subgraph H of G with |V (H)|=8, and it follows
from Observation 2.2 and Lemma 2.5 that w(G)w( 6G)6n2=8.
Therefore, it remains the case that G contains a C5, but no longer odd cycle. It is a
simple matter to verify (1) for G=C5. In addition, if G contains a C5 and 66n67,
then there exists a 1-regular subgraph H of G with |V (H)|=6, and it follows from
Observation 2.2 and Lemma 2.5 that
w(G)w( 6G)6
n2
6
6
n2
8
(
1 +
2
n− 2
)
:
Now let n¿8 and let C =C5 = v1v2v3v4v5v1 be the cycle of length >ve.
Firstly, we consider the case that G is not connected. If the component of G, con-
taining C, is of the order of at least 6, then, since G has no isolated vertices, there
exists a 1-regular subgraph H of G with |V (H)|=8, and we obtain w(G)w( 6G)6n2=8.
Now let C be a component of G. If there are two independent edges in G − V (C),
then we >nd again a 1-regular subgraph H of G with |V (H)|=8, and we are done. In
the remaining case, G−V (C) consists of a star with at least three vertices. If x6 is the
center and x7; x8 are two further vertices of this star, then {v1; x7}, {x6; x8}, {v2; v3},
and {v4; v5} are four pairwise disjoint dominating sets of 6G. This implies w( 6G)6n=4,
and Observation 2.2 yields w(G)w( 6G)6n2=8.
Secondly, we consider the case that G is connected. Let A= {x6; x7; : : : ; xn}=
V (G)− V (C). We assume, without loss of generality, that x6v1 ∈E(G).
We start with the case that A is not an independent vertex set in G. If there is an
edge xixj with i; j¿7, then G contains a matching with four edges, and, as above,
we are done. Hence, we assume, without loss of generality, that x7x6 ∈E(G). If there
exists an edge xivj for 86i6n and 16j65, then it is easy to see that G also contains
a matching of cardinality four. It remains the case that {x8; x9; : : : ; xn} are only adjacent
with x6. In this situation, we observe that {x8; v2}, {x6; x7}, {v3; v4}, and {v1; v5} are
four pairwise disjoint dominating sets of 6G and consequently, w( 6G)6n=4.
Now let A be an independent set of G, and let y∈A be a vertex of minimum weight
in A. Since y is adjacent to a vertex of C, say v1, the three edges yv1, v2v3, and v4v5
form a matching in G. Hence, we deduce from Lemma 2.5 that
w( 6G)6
w(C) + w(y)
3
6
n− w(A) + w(A)=(n− 5)
3
6
n
3
: (3)
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Case 1: Let w(A)¿n=4. From Observation 2.2 and (3) we deduce that
w(G)w( 6G)6
n
2
(
n
3
− w(A)(n− 6)
3(n− 5)
)
6
n
2
(
n
3
− n(n− 6)
12(n− 5)
)
=
n2
8
(
1 +
1
3(n− 5)
)
6
n2
8
(
1 +
2
(n− 2)
)
:
Case 2: Let w(vi)+w(vi+2)6(3n−5w(A))=8 for an arbitrary i∈{1; 2; 3; 4; 5}, where
the subscripts are taken as modulo 5. Since A∪{vi; vi+2} is a dominating set of G, we
conclude that
w(G)6w(A) + w(vi) + w(vi+2)6
3(n+ w(A))
8
:
It follows in conjunction with (3)
w(G)w( 6G)6
3(n+ w(A))
8
(
n
3
− w(A)(n− 6)
3(n− 5)
)
:
This square function in w(A) has its unique maximum value at n=2(n− 6), and so we
obtain
w(G)w( 6G)6
n2
8
(
1 +
1
2(n− 6)
)(
1− 1
2(n− 5)
)
6
n2
8
(
1 +
1
2(n− 6)
)
6
n2
8
(
1 +
2
(n− 2)
)
:
Because of these two cases, we shall assume from now on that
w(A)6
n
4
(4)
and
w(vi) + w(vi+2)¿
3n− 5w(A)
8
for each i∈{1; 2; 3; 4; 5}: (5)
If N (vi; G) =A for all i∈{1; 2; 3; 4; 5}, then A is a dominating set of 6G. Hence, (4)
implies w( 6G)6n=4, and we are done by Observation 2.2.
Therefore, we assume, without loss of generality, that N (v1; G)=A. Finally, we
distinguish three further cases.
Case 3: All vertices of A are of degree one.
Subcase 3.1: Firstly, we discuss the case that w(v3)6n=4 or w(v4)6n=4, say w(v3)
6n=4. If y∈A is of minimum weight in A, then {y; v3} is a dominating set of 6G.
Because of (4) we have w(y)6w(A)=(n− 5)6n=4(n− 5), and hence Observation 2.2
yields
w(G)w( 6G)6
n
2
(
n
4
+
n
4(n− 5)
)
6
n2
8
(
1 +
2
(n− 2)
)
:
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Subcase 3.2: Secondly, let w(v3); w(v4)¿n=4. Clearly, since even A∪{v1} is a dom-
inating set of 6G, we are done when w(A) + w(v1)6n=4. If w(A) + w(v1)¿n=4 and
w(A)6n=8, then we note that
w(G)6w(A) + w(v2) + w(v5)= n− w(v1)− w(v3)− w(v4)63n=8;
and it follows from (3) that w(G)w( 6G)6n2=8.
If w(A)¿n=8, then
w(G)6w(v1) + w(v2) + w(v5)= n− w(A)− w(v3)− w(v4)63n=8;
and we obtain analogously the bound n2=8.
Case 4: There exist at least two vertices in A, say xn−1 and xn, which are adjacent
to a vertex of C, diMerent from v1. Since G is triangle-free, these two vertices are not
adjacent to v2 and v5.
Subcase 4.1: The vertices xn−1 and xn are adjacent to one vertex, say v3, of C.
Clearly, min{w(xn−1); w(xn)}6w(A)=2. We assume, without loss of generality, that
w(xn)6w(A)=2. If w(xn)+w(v3)6n=4, then w( 6G)6n=4, and we are done. Otherwise,
we obtain
w(v3)¿
n
4
− w(xn)¿n4 −
w(A)
2
:
Since {v1; v4} is a dominating set of G, we deduce from (5) with i=5
w(G)6w(v1) + w(v4)= n− w(A)− w(v3)− (w(v2) + w(v5))
6 n− w(A)− n
4
+
w(A)
2
− 3n
8
+
5w(A)
8
=
3n
8
+
w(A)
8
:
Analogously to the proof of Case 2, we >nd in conjunction with (3) the desired
inequality.
Subcase 4.2: The vertices xn−1 and xn are adjacent to diMerent vertices of C, say
xn adjacent to v3 and xn−1 adjacent to v4. We assume, without loss of generality,
that w(xn)= min{w(xn−1); w(xn)}6w(A)=2. Now the desired result analogously fol-
lows Subcase 4.1.
Case 5: There exists exactly one vertex in A, say xn, which is adjacent to a vertex
of C, say v3, diMerent from v1. If w(xn)6w(A)=2, then we obtain (1) analogous to
Subcase 4.1. Therefore, now let w(xn)¿w(A)=2.
Subcase 5.1: Firstly, we discuss the case that w(v3)6n=4 or w(v4)6n=4, say w(v3)6
n=4. If y∈A − {xn} is a vertex of minimum weight, then according to (4), we see
that w(y)6w(A− {xn})=(n− 6)6n=8(n− 6). Since {y; v3} is a dominating set of 6G,
it follows from Observation 2.2 that
w(G)w( 6G)6
n
2
(
n
4
+
n
8(n− 6)
)
6
n2
8
(
1 +
2
(n− 2)
)
:
Subcase 5.2: Secondly, let w(v3); w(v4)¿n=4. Clearly, since even A∪{v1} is a
dominating set of 6G, we are done when w(A) + w(v1)6n=4. If w(A) + w(v1)¿n=4
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and w(A)6n=8, then we note that w(G)6w(A)+w(v2)+w(v5)63n=8, and it follows
from (3) that w(G)w( 6G)6n2=8. If w(A)¿n=8, then w(G)6w(v1) + w(v2) +
w(v5)63n=8, and we obtain analogously the bound n2=8. This completes the proof of
the theorem.
In [1] we gave examples which showed that Theorem 3.1 was not valid in general,
when G or 6G had isolated vertices or triangles. However, for special subclasses of
triangle-free graphs, we will present a much better bound.
Theorem 3.2. If (G;w) is a normed weighted triangle-free graph such that |X |6|N
(X;G)| for all subsets X ⊆V (G), then w( 6G)62.
Proof. With respect to the hypothesis |X |6|N (X;G)| for all X ⊆V (G), the
graph G contains by a result of Tutte [6], a factor H , consisting of either 1-regular or
2-regular components. Combining this with Lemma 2.5, we can immediately deduce
w( 6G)62.
Examples of graphs, which ful>ll the conditions of Theorem 3.2, are triangle-free
graphs containing a perfect matching, a Hamiltonian cycle, or those which are k-regular
with k¿1. From Theorem 3.2 and Observation 2.2 we obtain at once the following
inequalities.
Corollary 3.3. If (G;w) is a normed weighted triangle-free graph of order n such that
|X |6|N (X;G)| for all subsets X ⊆V (G), then
w(G)w( 6G)6n and w(G) + w( 6G)6
n
2
+ 2:
References
[1] P. Dankelmann, D. Rautenbach, L. Volkmann, Weighted domination, J. Combin. Math. Comb. Comput.,
to appear.
[2] T.W. Haynes, S.T. Hedetniemi, P.J. Slater, Domination in graphs: advanced topics, Marcel Dekker, Inc.,
New York, 1998.
[3] F. Jaeger, C. Payan, Relations du type Nordhaus–Gaddum pour le nombre d’absorption d’un graphe
simple, C.R. Acad. Sci. Paris 274 (1972) 728–730.
[4] D. KLonig, LUber Graphen und ihre Anwendungen auf Determinantentheorie und Mengenlehre, Math. Ann.
77 (1916) 116–119.
[5] E.A. Nordhaus, J.W. Gaddum, On complementary graphs, Amer. Math. Monthly 63 (1956) 175–177.
[6] W.T. Tutte, The 1-factors of oriented graphs, Proc. Amer. Math. Soc. 4 (1953) 922–931.
